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Anomalous dispersion and superluminal group velocity in a coaxial photonic crystal:
Theory and experiment

A. Hachéand L. Poirier
Département de Physique et d’Astronomie, Universite´ de Moncton, Moncton, New Brunswick, Canada E1A 3E9

~Received 6 September 2001; published 12 February 2002!

We demonstrate that coaxial cables with a periodic impedance exhibit dispersion properties specific to
photonic crystals, albeit on a much lower frequency scale. Highly superluminal (.2c) pulse propagation is
observed near the photonic band gap at 10 MHz. The influence of group velocity dispersion and crystal length
on the traveling speed and shape of a Gaussian pulse are discussed. Results compare favorably with a simple
multilayer theory and a coupled-mass model of the structure.
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I. INTRODUCTION

An interesting character of photonic crystals is th
unique dispersion relations. Unlike bulk materials who
properties are mainly determined at the atomic level, ma
rials with spatial periodicity in their refractive index hav
properties that can be tailor-made by selecting their scale
geometry@1#. In addition to photonic bandgaps, normal a
anomalous dispersion are present, which have been prop
or demonstrated for such applications as phase matchin
nonlinear processes@2# and gap soliton propagation@3#. But
perhaps the most striking property of anomalous dispers
is that group velocities greater thanc, the speed of light in
free space, are allowed@4,5#. In photonic crystals, anomalou
dispersion occurs mostly within the photonic stop ba
@6–10#. Early confirmation came from experiments on sup
luminal optical pulse tunneling through dielectric stack m
rors @11,12#, which shed light on the much debated quest
of tunneling time of wave packets through barriers.

Although most of the early work on photonic crysta
took place in optics, experimental results of similar natu
have been reported for devices operating at a much lo
frequency scale. Among others, coaxial crystals made of
ments with alternating impedance have been shown to
sess linear@16# and nonlinear@13# properties in the GHz to
MHz range. Recently, we reported highly superluminal pu
propagation along coaxial photonic crystals over a dista
exceeding 100 m@14#, a significant advance in terms of ma
nitude of the effect as well as length scale, simplicity, a
flexibility of the device. Such type of crystal opens the do
to experiments that were not possible before. Indeed, ma
scopic structures have a clear advantage over their op
counterparts in that they can easily be manipulated and s
ied. For example, the amplitude and phase of the elec
field can be measured anywhere along the structure, a
that is impossible with conventional photonic crystals.

In this paper we study the anomalous dispersion prop
ties of a coaxial crystal and experimentally verify the p
dicted effects, such as superluminal group velocity and pu
reshaping via group velocity dispersion. Two theoreti
models will be proposed to explain experimental data.

II. THEORY

A. Multilayer model

Much of the linear properties of coaxial photonic crysta
can be derived from the theory commonly used for opti
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thin films. In the case of optics, the electromagnetic field
scattered where the refractive index changes abruptly; in
axial cables, partial reflection occurs at the junction po
between two segments of different impedance. In fact,
Fresnel reflection and transmission coefficients at the imp
ance mismatch point take the same form as in optics;

r i j 5
zi2zj

zi1zj
, ~2.1!

t i j 5
2zi

zi1zj
, ~2.2!

wherezi andzj are the impedance of incident and transm
ted media. Outside the junction points, the traveling wave
characterized by a complex wave vector

k5
2pn

c
1 ia, ~2.3!

wheren is the frequency,c is the phase velocity anda is the
attenuation coefficient of the electric field in the coaxial lin
Each field has a phase determined by bothk and the addi-
tional phase shift at reflection points ofp or 2p, depending
on the sign ofr i j . By applying a standard algorithm fo
optical multilayers@15#, which computes the reflection from
one layer to the next, the overall complex transmission co
ficient of the structure is obtained.

To obtain the dispersion relation, an effective index fo
malism discussed by Centiniet al. is used@2#. In this theory,
the scattering loss of the electric field is ascribed to an eff
tive complex index of refraction

ne f f5n1 ik, ~2.4!

with n and k being the real and imaginary parts. It is su
posed that, because of scattering and losses, the electric
E of the signal decreases uniformly and exponentially withz,
the propagation axis. We can then write

E~z!;expS i
2pnne f f

c0
zD , ~2.5!

so that
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t[
E~D !

E~0!
5expS 2

2pnk

c0
D DexpS i

2pnn

c0
D D , ~2.6!

where t is the overall transmission coefficient through t
crystal of lengthD. We can now linkn andk to t:

k52
c0

2pnD
lnutu, ~2.7!

n5
c0

2pnD
f t , ~2.8!

where

f t5arctan
Im t

Ret
1mp, m50,1,2, . . . ~2.9!

is the total phase accumulated through the device. The i
ger m can unambiguously be determined from the condit
that f t must vanish asn→0. Consequently, to evaluatef t
for a given frequency, the phase oft is calculated starting a
n50 andp is added at every cycle.

With the dispersion relation, the group velocityyg is then
related to the real part ofne f f . Although group velocity is
usually obtained fromdk/dv, here it is more convenient to
express it in terms ofn andn:

1

yg
5

1

c0
S n

dn

dn
1nD . ~2.10!

Thus, whendn/dn,0, as in the case of anomalous disp
sion, yg may become superluminal or even negative@17#.

Because superluminal signals through periodic structu
tend to be weak and noisy, it is important to use a system
method to evaluate the transit time of the pulse. Simply m
suring the absolute peak of the pulse is not always adeq
because it introduces an uncertainty of the order of the pe
of the wave. In this paper, to measure the time delay betw
the input and output pulse, we use a statistical approac
find the center of mass of each pulse:

tcm5

E tE~ t !dt

E E~ t !dt

, ~2.11!

where tcm is the center of the pulse. This technique w
chosen mainly because of its robustness against local
tuations on the pulse, but similar approaches such as me
ing the center ofE2 or finding the peak of fitted Gaussia
envelopes would be equally valid.

In the presence of group velocity dispersion~GVD!, a
traveling pulse experiences stretching or compressing@18#.
Part of this paper deals with the special case of a sinuso
carrier wave with a Gaussian envelope whose duration
initially Fourier-transform limited, that is, compressed to
minimum. The full width at half maximum of the electri
field pulse envelope, labeled ast, is expressed in terms of
pulse duration parametera defined as
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a
. ~2.12!

In the presence of GVD, the traveling pulse evolves acco
ing to

a~z!5
a0

11~2ba0z!2
, ~2.13!

wherea05a(0) andb is the usual GVD parameter define
as

b5
d2k

dv2
52

1

2pyg
2

dyg

dn
. ~2.14!

B. Coupled-mass model

The multilayer model has a major limitation because it
only applicable to quasimonochromatic waves. If a pu
contains a broad spectrum, its frequency components
experience different group velocity resulting in pulse dist
tion. To study the propagation of arbitrarily shaped or ve
short pulses, the one-dimensional Maxwell’s wave equat
in a lossy~conducting! medium

]2E

]z2
5m«

]2E

]t2
1ms

]E

]t
~2.15!

must be solved exactly@19#, where the permeabilitym, per-
mittivity «, and conductivitys are functions ofz. Alterna-
tively, one may solve the equivalent mechanical wave eq
tion for a string moving in one dimension:

]2c

]z2
5

r

T

]2c

]t2
1g

]c

]t
. ~2.16!

Herec is the lateral position of the string from equilibrium
~transverse wave!, T is the tension,r is the linear mass den
sity andg is the damping coefficient. A widely used tech
nique to solve this equation is to discretize the string intoN
masses moving alongz, coupled together by springs an
forming a longitudinal wave. By choosing the spring co
stants~or their ratio! correctly, the reflection occurring in th
coaxial cable where impedance is discontinuous is re
cated. For thei th mass, the equation of motion then becom

]2c i

]t2
5

1

mi
Fki ,i 11~c i 112c i !1ki 21,i~c i2c i 21!2g

]c i

]t G ,
~2.17!

whereki , j is the spring constant between the massesi and j.
Each uniform section of the coaxial crystal is simulated b
string of even masses and springs. Ask changes abruptly
from one segment to the next, there is partial reflection of
mechanical wave. In practice, the method for evaluating
overall transmission coefficients or to study the propagat
of a pulse is to calculate the position of successive mas
while having the first one driven into a sinusoidal motio
8-2
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ANOMALOUS DISPERSION AND SUPERLUMINAL GROUP . . . PHYSICAL REVIEW E 65 036608
The transmission coefficient is taken as the ratio between
oscillation amplitudes of the last and first mass. Recently,
successfully used this technique to predict the behavior
nonlinear version of the coaxial photonic crystal@13#.

Although the coupled-mass model is approximate in
ture, it offers the advantage of being flexible and applica
to all kinds of electric fields, including the Gaussian a
sinusoidal pulses used in this study. Its main drawback is
it becomes computer intensive when large structures are
lyzed. Also, the model cannot accurately simulate loss
media (g50) because it is a condition in which energ
keeps increasing and no stable condition can appear.

III. EXPERIMENT

Our coaxial photonic crystal was assembled from altern
ing cables with 50V ~RG-58/U! and 75V impedance~RG-
59/U!. According to Eq.~2.1!, about 20% of the signal is
reflected at each point of junction, which is the optic
equivalent to having a photonic crystal made of silican
51.5) in air (n51). Each segment has the same length o
5 m and phase velocity of 0.66c0. The unit cell was therefore
10 m long, a value chosen to create a photonic stop ban
frequencies easily accessible with conventional wave gen
tors. Up to 16 unit cells in a row were connected, makin
total length of 160 m, well beyond any photonic crys
structure reported so far. Attenuation was measured s
rately in each type of cable and was found to increase fro
to 25 dB/km for the 50-V cable and from 0 to 30 dB/km fo
the 75-V cable, for frequencies ranging from 0 to 15 MH

The propagation of simple Gaussian pulses was stu
using an analog pulse generator~Hewlett-Packard mode
214B! along with a digital oscilloscope~Tektronix model
TDS 210! with shot-to-shot and averaging capabilities. Tra
sit times were measured by monitoring the traces of the in
and output pulses simultaneously on different chann
Sinusoidal waves with Gaussian pulse envelopes were
duced using a programable wave form generator~Hewlett-
Packard model 33120A!. To avoid signal reflection at the
receiving end, 50-V termination was used in all cases.

IV. RESULTS

As a first step to characterize the coaxial photonic crys
we studied the transmission of monochromatic, sinuso
waves for various numbers of unit cells. Figure 1 reveal
stop band near 10 MHz that deepens with crystal leng
Although our wave generator was limited to 15 MHz, it
expected that secondary stop bands should occur in mult
of 10 MHz. As can be seen, the multilayer theory sho
good agreement with data, which is remarkable, conside
that no parameter was adjusted. The expected transmis
was simply calculated based on the manufacturer spec
phase velocity as well as measured cable length and att
ation coefficients. The main discrepancy is found in the ba
gap region where multiple reflection of the signal causes
transmission to be most sensitive to attenuation, irregul
ties, and defects present in the crystal. Slight variations
03660
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cell length may account for most of the departure fro
theory.

The theoretical dispersion relation and group velocity
the structure are plotted in Fig. 2~a! for a crystal with 12
units. Outside the band gap, dispersion is flat and the gr
velocity is close to 0.66c, the phase velocity. However, shar
anomalous dispersion and superluminal velocities are
pected between 9 and 11 MHz. Confirming these predicti
are data plotted in Fig. 2~b! taken from sinusoidal carrie
waves with Gaussian envelopes. Transit times were m
sured using the center-of-mass approach while the numbe
periods within the pulse width@taken as the full width at half
maximum~FWHM!# was kept constant at 30 due to practic
considerations imposed by the programable wave gener
Thus, between 5 and 15 MHz, the pulse duration varied fr
6 to 2ms and the spectral bandwidth from 0.15 to 0.45 MH
At the peak, group velocities are scattered from 2 to 3.5c due
to experimental uncertainty. As transmittance is lowest in
band gap area, signal-to-noise ratio tends to be more im
tant and statistical methods evaluating the transit time, s
as the center-of-mass approach used here, become nece
Still, the uncertainty is of the order of60.5c, which is but
much smaller outside the band gap at60.05c. However,
group velocity is clearly superluminal for pulses with carri
frequencies near 10 MHz.

As Eq.~2.10! suggests, not just any amount of anomalo
dispersion allows superluminal group velocity. It is possib
only whenn(dn/dn)1n,1. In a photonic crystal, anoma
lous dispersion is strongest when scattering and back re
tion are important, so longer crystals or those made of m
terials with a higher contrast in refractive index shou
support faster pulse propagation. On the other hand, this
implies that speed is gained at the expense of transm
energy. For our coaxial photonic crystal, theory predicts t
yg.c should occur for crystals with four or more unit cell
To verify this we measured pulse transit times for increas
crystal length. Plotted in Fig. 3 are the theoretical predictio
and experimental data for the group velocity of a 6-ms

FIG. 1. Amplitude of the transmission coefficient through a c
axial crystal with four ~triangles!, eight ~squares!, 12 ~empty
circles!, and 16~filled circles! unit cells. Solid curve calculations
are based on the multilayer theory. No parameter adjustments
made.
8-3
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A. HACHÉ AND L. POIRIER PHYSICAL REVIEW E65 036608
Gaussian pulse at 10 MHz. Agreement with theory is go
for crystal lengths of up to 50 m, beyond which the measu
group velocities fall short. This is explained by an increase
the amount of irregularities in the crystal and from the fa
that transmittance in the gap is higher than predicted,
Fig. 1 showed.

FIG. 2. ~a! Calculated refractive index~dashed curve! from the
effective index theory and expected group velocity~solid curve! and
~b! measured group velocity for Gaussian pulse envelopes
function of carrier wave frequency~squares! and theoretical predic-
tion ~solid curve!. The crystal has 12 unit cells and is 120 m lon

FIG. 3. Transit time~circles! and group velocity~squares! of a
6 ms pulse at 10 MHz vs total crystal length. The solid line rep
sents the multilayer theory.
03660
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The effect of GVD on the pulse shape was determined
measuring the duration of the output pulse relative to
input pulse. Figure 4. shows the predicted and measured
put pulse duration for a 0.70-ms Gaussian envelope launche
through 120 m of coaxial crystal as a function of its carr
frequency. As expected, the pulse stretches near the b
edge where group velocity changes rapidly with frequen
But although the curves follow similar trends, the measu
pulse duration is much lower: an increase of 60% is obser
whereas theory suggests that the pulse should lengthen
factor of 15. A closer look at the theory explains why th
may happen. The theoretical curve contains several pe
since GVD rapidly oscillates between negative and posit
values. However, with a Fourier-transform-limited pulse, t
sign of the GVD is not important since it always produc
elongation. But because the pulse contains a spectral w
of 1.25 MHz, it overlaps many of these variations, so the
effect should be weaker. In other words, the GV
approximation—which stipulates that the group velocity v
ies linearly within the spectral width of the pulse—does n
hold in this case. A more accurate theory taking into acco
rapid variations in the group velocity would be needed
analyze the data in greater details.

As it appears to conflict with the causality principle, o
measurements of superluminal group velocity call for
meaningful physical interpretation. The standard expla
tion, used by Steinberget al. @11# in their superluminal opti-
cal tunneling experiment, is based on an interference eff
As the pulse penetrates the periodic structure, destruc
interferences reflect a significant part of it backward. Wh
the front of the pulse exits the crystal, the trailing edge
rejected and that effectively pushes the peak of the trans
ted pulse ahead of where it would normally be in free spa
Of course, this does not violate Einstein’s causality since
amount of transmitted energy is always smaller than tha
vacuum.

To carry information faster than light in a coaxial phot
nic crystal, one needs to transport a fast-rising signal, suc

a

-

FIG. 4. Measured pulse duration~FWHM! at the output of a
12-unit coaxial crystal~circles, right hand scale! and calculated du-
ration from the multilayer theory~solid curve, left-hand scale!. The
input pulse is 0.7ms in duration. The two curves are plotted o
different scales for easier comparison.
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ANOMALOUS DISPERSION AND SUPERLUMINAL GROUP . . . PHYSICAL REVIEW E 65 036608
a step function or a very short pulse, at superluminal spe
The problem is, such signal contains too much bandwidth
be supported by any practical device. Pulses that are
short tend to be distorted at the output in such a way
reference points on the initial pulse no longer exist or app
at the other end at subluminal speeds. Figure 5 demonst
the effect: 0.1-ms input pulse at 10 MHz is distorted at th
output. Furthermore, the time difference between the top
lower peaks is 600 ns, corresponding to the phase velocit
0.66c. A similar effect is observed when a very short sing
burst is launched. Figure 6~a! shows a 40-ns-long singl
Gaussian burst and its transmission through the same cry
In this case, the transit time, taken as the spacing betwee
two main peaks, is 640 ns~so yg50.63c). As seen in Fig.
6~b!, the coupled-mass model shows excellent agreem
with experiment. The simulation was run with 1200 mass
a ratio between the spring constants of 2.25.

V. CONCLUSIONS

We demonstrated a simple structure exhibiting anomal
dispersion and supporting superluminal group velocity o
macroscopic distances. Whereas in the past superlum
tunneling of optical pulse was observed on a microme
length scale, we report highly superluminal group velocit
over a distance of up to 160 m in a coaxial photonic crys
Inside photonic stop band, located between 9 and 11 M
group velocities near 3c are measured. The superluminal e
fect is explained in terms of an interference effect in wh
the leading edge of the pulse is preferably transmitted. As
magnitude of the interference increases with the numbe

FIG. 5. Transmission of a very short pulse: the 0.1-ms input
pulse is heavily distorted after traveling 120 m.
-
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n
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unit cells, we observe a marked increase in group velo
with crystal length. Results agree well with a theory based
multilayer approach. GVD was found to stretch the pulse
60% after 120 m and the trend follows theory. In general,
multilayer theory and the coupled-mass model agree w
with experiment. It is found both theoretically and expe
mentally that pulses that are too short are distorted
meaningful transit times become difficult to define and m
sure.

Since the same electromagnetic laws apply to both opt
and macroscopic structures, coaxial photonic crystals con
tute an ideal system to study dispersion and other effect
photonic crystals. Because the phase and amplitude of
electric field can be measured anywhere in the structure,
experiments could be devised to test theories on pulse
neling.

FIG. 6. ~a! Input and output of a simple 40-ns-long burst and~b!
results from the coupled-mass model.
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